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Several theorems are obtained concerning the unimodality of spherically 
symmetric distribution functions. These theorems are used to show that a 
class of spherically symmetric infinitely divisible distribution functions that 
contains the class of spherically symmetric stable distribution functions is 
unimodal. 
1. INTRODUCTION 
The usual vector notation will be adopted. Bold face symbols of the form x 
and X will be used to denote vectors and vector random variables. The Euclidean 
norm of a vector x will be denoted by 1 x 1 and the inner product of two vectors x 
and y will be denoted by (x, y). Euclidean n-space will be denoted by R, . The 
set{xsR,: - x E A} will be denoted by ---A and the set {x E R,: x # 0} will 
be denoted by R, - 0. 
Let 9Y denote the Bore1 sets of R, . Let F(x) b e an n-dimensional distribution 
function and let P be the probability measure generated byF(x). The distribution 
function F(x) is said to be symmetric if P(B) = P(-B) for every B E 9. The 
distribution function F(x) is said to be spherically symmetric if P(B) = P(B') 
for every B E 68 and every B' E 9? that can be obtained from B by rotating R, 
around the origin. If f^(t) is th e c h aracteristic function of a spherically symmetric 
distribution function then f(tl) = {(ts) if 1 t1 1 = 1 t, I. 
A one-dimensional distribution function F(x) is said to be unimodal with a 
mode at 0 if F(z) is convex on (-co, 0) and concave on (0, co). This definition 
of unimodality has been generalized to higher dimensions by Olshen and 
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Savage [lo]. A distribution function F (x) defined on R, is said to be ol-unimodal 
with a mode at 0 if the function 
is nondecreasing in t for t > 0 for every bounded, nonnegative Bore1 measurable 
function g defined on R, . If 71 = 1 and (Y = 1 then this definition of uni- 
modality coincides with the usual definition of unimodality. Olshen and Savage 
proved that F(x) is an a-unimodal, absolutely continuous distribution function 
on R, if and only if there is a Bore1 measurable version f of its density function 
for which s+“f(sx) is nonincreasing in s for each fixed x E R, , x # 0. 
In Section 2 of this paper, various theorems concerning unimodal distribution 
functions are obtained. Lapin showed that if {F&x)} is a sequence of unimodal 
distribution functions and if Fk -+c F then F(x) is unimodal (see [3] or [S]). 
Medgyessy [9] showed that a mixture of unimodal distribution functions with 
modes at 0 is unimodal. Both of these theorems are generalized to higher 
dimensions. A one-dimensional unimodal distribution function with mode at 0 is 
absolutely continuous on (-co, 0) and (0, co). If n > 2, an cY-unimodal distribu- 
tion function with mode at 0 need not be absolutely continuous on R, - 0. It is 
shown that a spherically symmetric, ol-unimodal distribution function with a 
mode at 0 is absolutely continuous on R, - 0. Finally, it is shown that the 
convolution of two spherically symmetric, n-dimensional, n-unimodal distribu- 
tion functions is n-unimodal. An example is given to show that the convolution 
of two symmetric, n-dimensional, n-unimodal distribution functions need not be 
n-unimodal. 
In Section 3, it is shown that a class of spherically symmetric n-dimensional, 
infinitely divisible distribution functions that contains the class of n-dimensional 
spherically symmetric stable distribution functions is n-unimodal. This result 
generalizes a theorem of Medgyessy to higher dimensions. 
In Section 4, three proofs that n-dimensional, spherically symmetric stable 
distribution functions are n-unimodal are given. Some propositions of Keilson 
and Steutel [6] concerning mixtures of symmetric stable distribution functions 
are extended to higher dimensions. 
Ibragimov and Chernin [4] have shown that one-dimensional stable distribu- 
tion functions are unimodal. Expanded versions of their proof can be found in 
[5] and [8]. Ghosh [2] defined the distribution function of a vector valued random 
variable X to be type 1 unimodal if all linear combinations of its components 
have one-dimensional unimodal distribution functions. Ghosh has shown that 
all multivariate stable random variables have type 1 unimodal distribution 
functions. It seems reasonable to conjecture that every n-dimensional stable 
distribution function is n-unimodal. 
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2. RESULTS CONCERNING UNIMODAL DISTRIBUTION FUNCTIONS 
In this section, the following four theorems will be proved. 
THEOREM 1. Let (F&)} b e a sequence of n-dimensional, a-u&nodal distribution 
functions with modes at 0. If Fk -+C F then F is an n-dimensional, a-unimodal 
distribution function with mode at 0. 
THEOREM 2. Let G(y) be a distribution fun&m such that G(y) = 0 fw y < 0. 
Assume that F(x, y) is an n-dimensional, a-u&modal distribution function with mode 
at 0 for each y contained in the support of G. Then the distribution function 
H(x) = Irn F(x,Y) dW9 
0 
is an n-dimensional, a-unimodal distribution function with mode at 0. 
THEOREM 3. Every spherically symmetric, n-dimensional, a-unimodal distribu- 
tion function with a mode at 0 is absolutely continuous on R, - 0. 
THEOREM 4. The convolution of two spherically symmetric, n-dimensional, 
n-unimodal distribution functions is n-unimodal. 
Theorem 1 follows from the Helly-Bray theorem. Theorem 2 follows from 
the definition of a-unimodality when G(y) is a discrete distribution function with 
a finite number of jumps and from Theorem 1 for a general G(y). 
Let X be an n-dimensional random variable. If h(x) = 1 x / and q is a bounded, 
nonnegative, Bore1 function defined on [0, co), then g(x) = q(h(x)) is a bounded, 
nonnegative, Bore1 function defined on R, . It follows that if the distribution 
function of X is a-unimodal then the distribution function of 1 X 1 is also 
a-unimodal. If X has a spherically symmetric distribution function, then the 
distribution function of X is absolutely continuous on R, - 0 if and only if the 
distribution function of 1 X 1 is absolutely continuous on (0, co). Theorem 3 now 
follows from the fact that if the distribution function of j X j is a-unimodal then 
it is absolutely continuous on (0, co). 
Theorem 4 is easily seen to be true for distribution functions with density 
functions of the formf (x) = CYB(x) where B is a set of the form {x E R,: 1 x I < Y} 
and IB indicates B. Theorem 2 can be used to show that Theorem 4 is true for 
distribution functions with density functions of the form 
f(x) = s G4&4 
i=l 
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where rr < ra < .‘. < Y, and Bi = {x E R,: 1 x 1 < ri}. A limiting argument 
and Theorem 1 can be used to prove Theorem 4 when F(x) is absolutely con- 
tinuous. Finally, Theorems 2 and 3 can be used to prove Theorem 4 for a 
general F(x). 
The convolution of two symmetric, n-dimensional, n-unimodal distribution 
functions need not be n-unimodal. Let B = {(x1 , xJ: xl2 + xz2 < l> and let 
D = ((x1 , x2): Xl2 + x2 2 < 100 and X,X, 2 01. If b and d are properly chosen, \ 
the functions f(xr , x2) = blB(xl , x2) and g(xr , x2) = dl,(x, , x2) are density 
functions of symmetric, n-dimensional, n-unimodal distribution functions. 
However,f * g(xr , x2) is not the density function of an n-dimensional, n-unimodal 
distribution function since f *g(sx, , sx2) is not nondecreasing for all 
(% 3 x2) z (090). 
3. GENERALIZATION OF A THEOREM OF MEDGYESSY 
Levy [7] showed that F(x) is an n-dimensional infinitely divisible distribution 
function if and only if its characteristic function has the form 
f(t) = exp [i(u, t) - idAt, t) + j,.,,, ff(t, u> dWu)/, 
where 
H(t, u) = ei(*mu) - 1 - (i(t, u)/(l + 1 u la)); 
y is a vector in R,; A is a symmetric nonnegative operator; and M(u) is a com- 
pletely additive, non-negative set function such that SaClola 1 u I2 dM(u) < 00 
and s~.~,r dM(u) < 00. This representation is unique. The function M(u) is 
called the Levy spectral function of F(x). 
Let JY denote the class of infinitely divisible distribution functions with the 
property that A = cl, where I is the identity operator, and M(u) is absolutely 
continuous on R, - 0 with a Radon-Nikodym derivative h(x) that has the 
properties that h(x,) = h(x,) if 1 x1 I = 1 x2 I and h(m) is non-increasing in s 
for some x E R, , x # 0. The following theorem, that generalizes a one- 
dimensional result of Medgyessy [9], will be proved. 
THEOREM 5. Every distribution function in class &! is a spherically symmetric, 
n-unimodal distribution function. 
The proof is trivial if M(u) is identically zero on R, - 0. If M(R,, - 0) < 00 
and A is the zero operator then F is a generalized Poisson distribution function 
and the theorem follows from Theorems 2 and 4. If A is the zero operator and 
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M(R,, - 0) = co then it is possible to find a sequence {Fe} of n-unimodal, 
infinitely divisible distribution functions such that Fk -+C F. Thus F is n-unimodal 
by Theorem 1. Finally, if A = cl where c > 0, then the theorem follows from 
Theorem 4. 
4. UNIMODALITY OF SPHERICALLY SYMMETRIC STABLE 
DISTRIBUTION FUNCTIONS 
It follows from a result of RvaEeva [l 1, p. 1921 that if M(u) is the L&y spectral 
function of an n-dimensional, spherically symmetric stable distribution function 
of exponent 01 for 0 < 01 < 2; then M(S) = R-&H(W) where S is a set of the 
form {x E Ii,: 1 x / > R, x/l x 1 E W}, W is a subset of the unit sphere, and His a 
uniform nonnegative set function defined on the unit sphere. Thus the class of 
spherically symmetric stable distribution functions is contained in the class JZ 
and is unimodal. 
A second proof of the unimodality of spherically symmetric stable distribution 
functions, similar to the one-dimensional proof of Wintner (see [12, p. 641, or 
[13, p. 32]), can be obtained from a theorem of RvaZeva (see [ll, p. 1961). Every 
spherically symmetric stable distribution function contains an n-dimensional, 
rr-unimodal spherically symmetric distribution function in its domain of attrac- 
tion and is thus unimodal by Theorems 1 and 4. 
A third proof of the unimodality of spherically symmetric stable distribution 
functions can be obtained from a result that is similar to a theorem of Feller 
(see [I, p. 5961). 
THEOREM 6. Let 0 < 01 < 2 and 0 -C j3 < 1. The n-dimensional random 
variable X has a spherically symmetric stable distribution function with exponent $I 
if and only if X = YZ1/a where Y is an n-dimensional random variable with a 
spherically symmetric stable distribution function of exponent (II, Z is a positive 
random variable with a stable distribution function of exponent p, and Y and Z are 
independent. 
Theorem 6 follows from the fact that a spherically symmetric stable distribu- 
tion function with exponent 01 has a characteristic function of the formf^(t) = 
e-cltla, and a stable distribution function with exponent /I and support on [0, co) 
has a Laplace transform of the form g(y) = e--dv8. Every spherically symmetric 
stable distribution function with an exponent uz, where 0 < 01 < 2, is a mixture of 
spherically symmetric normal distribution functions and is thus unimodal by 
Theorem 2. 
Let 0 < (Y < 2 and let L,,, be the class of all distribution functions that are 
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mixtures of n-dimensional, spherically symmetric, stable distribution functions 
with exponent 01. Every distribution function in class Lu,n has a characteristic 
function of the form 
f’(t) = 1” e-Yltlar dG(y), 
JO 
where G(y) is a distribution function with support on [0, co). Thus Bernstein’s 
Theorem can be used to prove the following theorem that generalizes a result of 
Keilson and Steutel [6]. 
THEOREM 7. The function f(t) defined on R, is the characteristic function of a 
distribution function in the class L,*, if and only iff”(t) = h(l t I) where h(r) is a 
function defined on [0, 00) such that h(0) = 1 and h(r) is completely monotone in ra 
on (0, a~). 
Many of the results obtained by Keilson and Steutel for L,,1 can be generalized 
to Lci,, * If 0 < (Y < /3 < 2 then L,,, is contained in LB,n . Also the classes L,,, 
are closed under mixing and convolution and the classes L,,, are also closed 
under multiplication of densities with suitable renorming if the product is 
integrable. It follows from Theorem 2 that every distribution function in L,,, 
is n-unimodal. 
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